Abstract. Ill-posedness is established for the initial value problem (IVP) associated to the derivative nonlinear Schrödinger equation for data in H s (R), s < 1/2. This result implies that best result concerning local well-posedness
Introduction
In this paper we are concerned with the ill-posedness of the initial value problems (IVP) associated to the derivative nonlinear Schrödinger equation and the generalized Benjamin-Ono equation, hereafter (DNLS) and (GBO) equation respectively.
The notion of well-posedness we will use in this work is the same as in [7] , that is, the existence, uniqueness, persistence property and continuous dependence of the solution upon the data.
To describe our results, we begin by considering the IVP associated to the DNLS equation, that is, This equation appears as a model of the Alfvén solitons in plasma physics (see [13] , [22] ). From the point of view of partial differential equations it has been extensively studied (see [6] , [15] , [16] , [19] , [20] and references therein).
Recently, Takaoka in [19] showed that the IVP (1.1) is locally well-posed in H s (R), s ≥ 1/2. To prove this result he used the techniques introduced by Bourgain ( [5] ) and Kenig, Ponce, Vega ( [8] , [10] ) plus a gauge transformation. He also showed by means of an example that the best possible result using the key estimate in his proof was indeed H 1/2 . On the other hand, a scaling argument ( [10] ) suggests that the best possible value to obtain local well-posedness in H s is s = 0. Indeed, if u is a solution of (1.1), then
for any λ ∈ R, is also a solution of DNLS with data u λ (x, 0) = λ 1/2 u 0 (λx).
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A straightforward calculation gives
x u 0 which implies that the highest derivative term in the H s norm is invariant under the scaling transform (1.2) for the value s = 0.
Our purpose here is to show that the IVP associated to the DNLS equation is illposed in H s , s < 1/2, which will imply that the best possible local well-posedness result is the one in [19] .
To establish this result we will follow the recent method introduced by Kenig, Ponce, Vega [11] (see also [2] , [3] ), to establish ill-posedness for the IVP associated to the cubic Schrödinger equation, KdV and mKdV equations. We will describe briefly their method: the idea is to show that the solution does not depend continuously (or uniformly continuously) on its data in H s , by constructing a sequence converging to the data in H s while the corresponding sequence of solutions does not converge in H s . The sequence consists of solitary wave solutions. The extra difficulty we have in our case is the lack of Galilean invariance for solutions of the derivative Schrödinger equation, which is a key point in the treatment of ill-posedness for the focusing cubic Schrödinger equation. To replace the Galilean invariance we still have a two-parameter family of solitary wave solutions that allows us to obtain the desired result.
We also consider the IVP associated to the GBO, that is,
where H denotes the Hilbert transform. For k = 1 we have the well known Benjamin-Ono equation which was deduced by Benjamin [1] and Ono [14] as a model in internal-wave propagation. The best result regarding local well-posedness in H s is due to Ponce [18] , (see also [12] 
(1.4)
These are the best results known to date. Looking for the best possible local well-posedness results we argue as above: we use a scaling argument to find the critical Sobolev indices.
(Ḣ s is the homogeneous Sobolev space), which implies that the highest derivative that leaves the norm invariant is s k = 1/2 − 1/k.
We can observe that the these results are far from those given by the scaling argument. For instance, for the Benjamin-Ono equation the scaling suggests local well-posedness for s ≥ −1/2.
Our results in this case give ill-posedness of the IVP (1.3) in Sobolev spaces with index below the one given by the scaling argument. Here we follow closely the ideas in [2] and [3] .
The paper is organized as follows. In Section 2 we will deal with the derivative Schrödinger equation. The result concerning the generalized Benjamin-Ono (GBO) equation will be proved in Section 3.
The derivative Schrödinger equation
In this section we consider the IVP associated to the derivative Schrödinger equation, that is,
The notion of well-posedness used here is the one given in the introduction but stretched a little bit by requiring the mapping data, u 0 → u(t) to be uniformly continuous, where u(t) is the solution of (2.1). In case this requirement is not satisfied we will say that the problem is ill-posed. Thus our main result in this section is
Proof. It was proved in [21] that there exist solitary waves in the form
with ω, c real numbers and ψ(·), a(·) real functions given by
;
, it is easy to see that
we can write
and thusφ
). 
Let N be a large positive integer to be chosen later. Take 
where
and
We estimate each term on the right hand side of (2.5). Fubini's theorem gives
A similar argument yields
Combining (2.6) and (2.7) it follows that
Observe that
Returning to (2.5), we have
(2.8)
Now we estimate I 2
(2.9)
Finally,
where we have used the mean value theorem and
We can take N large enough so that, setting θ = arctan
Now we evaluate the L 2 -norm ofF and (F ) :
On the other hand, we have that
Replacing (2.12) in (2.10) and (2.13) in (2.8) and (2.9), we get, respectively
Then (2) can be estimated by
Since 2s < 1 we can choose
Next we consider the corresponding solutions u c1,ω1 (x, t) and u c2,ω2 (x, t) at time t = T . As in (2), we get, from (2.12),
(by the invariance of the solitary wave solutions), and
on the other hand, we have that
there is no interaction and
Combining the above estimates we get and we get (2.18).
The generalized Benjamin-Ono equation
The generalized Benjamin-Ono equation has, for k = 1, an explicit solitary wave
and for k > 1, Weinstein in [23] proved that there exists a solitary wave u c (x, t) = ϕ c (x − ct) of (1.3), that is, ϕ c is a solution of
where ϕ c ∈ C ∞ (R) ∩ H 1/2 (R) is positive, symmetric and decreasing in |x|. 
which converges uniformly as ε → 0 to 16π 2 δ 2 H −s (sinceδ = 1). Now we prove that u ε (·, 0) converges also weakly to 4πδ:
thus implying the convergence in H −s . For t > 0 the invariance in t implies the convergence of u ε (·, t) H −s to 4φ δ H −s but u ε (·, t) → 0 weakly, since, as ϕ has compact support,
This proves that the initial value problem for the Benjamin-Ono equation is locally ill-posed in H s (R) for s < −1/2.
where ϕ 1 solves (3.2) with c = 1 (ϕ k,c solves (3.2) with c > 0), and
which is a solitary wave solution for (1.3) with speed of propagation c. Let us evaluate theḢ s k -norm of the difference of two solitary wave solutions with speeds c 1 , c 2 at t = 0 and t > 0:
We have Now for t > 0 we have similarly 
